In this paper, some new existence theorems are obtained for multiple periodic solutions of second order Josephson-type differential systems with partially periodic potential by using the minimax methods in critical point theory, which generalize and improve some known results in the literature.
Introduction
In this paper, we study the second order Josephson-type differential systems (H) F(t, x) is measurable in t for each x ∈ R N and continuously differentiable in x for a.e.
⎧ ⎨ ⎩ü (t) + Au(t) -∇F(t, u(t)) = h(t), a.e. t ∈ [, T], u()
-
t ∈ [, T], and there exist a ∈ C(R
+ , R + ), b ∈ L  ([, T]; R + ) such that
F(t, x) ≤ a |x| b(t), ∇F(t, x) ≤ a |x| b(t)
for all x ∈ R N and a.e. t ∈ [, T]. 
(t) + f (u(t)) = h(t), a.e. t ∈ [, T], u() -u(T) =u() -u(T) = , (.)
where D is an (N × N)-symmetric matrix. This type of problem can be applied to describe the motion of forced linearly coupled pendulums. During the past two decades, the existence of periodic solutions for second order differential systems have been studied extensively, and many solvability conditions have been obtained via variational methods and critical point theory. In this direction we mention the papers [-], and we refer the reader to [-] for a broad introduction to variational methods and critical point theory. It might be also interesting to study the above mentioned abstract equations with more general potentials, see the paper [] .
In the classical monograph [], Mawhin and Willem proved that problem (.) has at least one solution by using the saddle point theorem under the following bounded condi-
for all x ∈ R N and a.e. t ∈ [, T]. They obtained the following result.
Theorem A ([]) Suppose that F satisfies (H)-(H), (.) and
(H) there exists T j >  such that
for all x ∈ R N and a.e. 
T is a Hilbert space with the norm
When the nonlinearity
for all x ∈ R N and a.e. (H) There exist T j > ,  ≤ r ≤ m such that 
Preliminaries
In [], Mawhin and Willem established a variational structure which enables us to reduce the existence of solutions for problem (.) to the existence of critical points of the following energy functional. Define the energy functional associated with problem (.
It follows from assumption (H) that the functional ϕ is continuously differentiable. Moreover, one has
Then the solutions of problem (.) correspond to the critical points of ϕ (see [] ).
Let
Therefore, we can see that
where I denotes the identity operator on H
T is the linear self-adjoint operator defined, using Riesz representation theorem, by
It is easy to see that K is compact. By classical spectral theory, we can decompose H  T into the orthogonal sum of invariant subspaces for
where
, and the embedding is compact. Then there exists C  >  such that
where Z is the set of all integers, and let π : 
By (H) and (H), we have
and
, then ψ is well defined. Moreover, ψ is continuously differentiable and 
Main results
Here are our main results. By Theorems . and ., it is easy to obtain the following corollary. (ii) To show that our Theorem . is new, we give an example to illustrate our result. For example, let  ≤ r ≤ m, x = (x  , x  , . . . , x N ) T ∈ R N , and For example, let x = (x  , x  , . . . , x N ) T ∈ R N , ω(|x|) = |x| and 
and a.e. t ∈ [, T], and
lim sup |x|→∞ T  F(t, x) dt ω  (|x|) < -    a - +   M  M  T  f (t) dt (.)
Theorem . Suppose that assumptions (H)-(H), (H), (.), (.) hold and
lim inf |x|→∞ T  F(t, x) dt ω  (|x|) >    a - +   M  M  T  f (t) dt
Corollary . Suppose that assumptions (H)-(H), (H), (.), (.) hold and
We can get from (ω), (ω), and (ω) that
By (.) and the boundedness of |Qû  |, we have
From (H) and (.), we obtain that
It follows from (.), (.), and (.) that
for large n. So we have
In a similar way, we have
Combining the above two inequalities, one has that
Consequently,
Using similar arguments, we can prove that
By (.), (.), (.), (.), and (.), we have
In a similar way, we can obtain
By (.) and (ω), one has
From (.), (.), and the boundedness of |Qû  |, we have
Hence, we have
By (.), (.), and (.), we have 
